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Order N Formulation for Flexible Multibody Systems
in Tree Topology: Lagrangian Approach
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An order N algorithm is developed for dynamic simulation of � exible multibody systems in tree topology with
open as well as closed branches. The joints between the bodies permit slew and translation degrees of freedom.
Applicationof the chain rule of differentiation to the Lagrangeequationsof motion in conjunctionwith positionand
velocity transformations leads to the factorized mass matrix and an order N algorithm for the forward dynamics
computation. The constrained degrees of freedom are incorporated by the Lagrange multipliers. Computation of
the forward dynamics of � exible multibody systems using a Lagrangian order N method represents an innovation
of considerable importance.An example of the space-platform-based mobile manipulatorsystem complements the
development.

I. Introduction

T HE developmentof a relativelygeneralformulationis receiving
increased attention as the dynamic systems become larger and

more complex. The computational cost involved in the numerical
simulationof such systems also becomes an important factor for the
present day systems. Mathematical representation of such � exible
multibody systems leads to a set of equations of the form

[M (q, t)]fRqg C fF(q , Pq , t )g D 0

where [M (q , t )] is the system mass matrix, fF(q, Pq, t)g the
forcing function, and fqg the vector of generalized coordinates.
The forward dynamics computation using the equation fRqg D
¡[M (q , t)]¡1fF(q, Pq, t )g requires O(N 3 ) arithmetic operations,
where N is the number of bodies constituting the system. Thus,
the computational cost for the dynamics simulation of a multibody
system grows rapidly with N .

Reductionof the computationtime for simulationof systemswith
a large number of bodies is an important issue in the � eld of multi-
body dynamics.To that end, several algorithmshave been proposed
over the years.1¡8 In these approaches, the computational cost in-
volved in formulating and inverting the mass matrix is proportional
to N and, hence, the designationO(N ) algorithm. Obviously, these
methods require far fewer computational steps than an O(N 3 ) for-
mulation,particularlywhen N is large.The formulations,except the
one by Menon and Kurdila,7 use recursive approachesbased on the
fact that the acceleration of a body in a chain can be expressed in
terms of accelerations of the preceding bodies. Similarly, the con-
straint forces at a joint can also be written in terms of those at the
succeeding joints.

A variety of well-known approaches,available for formulationof
the problem,9 have been used to develop O(N ) algorithms. For ex-
ample, Hollerbach1 uses the Lagrangian equations,Bae and Haug2

employ the method of virtual work, Roberson and Schwertassek3

as well as van Woerkom and de Boer4 work with the Newton–Euler
method, Keat5 introduces a velocity transform method, Rosenthal6
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uses Kane’s equation, Menon and Kurdila7 approach the problem
through the range space method, whereas Rodriguez and Kreutz-
Delgado8 use the � ltering and smoothing approach of optimal esti-
mation.

A number of computer codes are commercially available to sim-
ulate � exible multibody systems. They include ALLFLEX, Tree-
tops, and others. In ALLFLEX, developed by Ho and Herber,10

both the Lagrangian and Newtonian approaches are used to for-
mulate the equations of motion. The direct path method is used to
develop the complete kinematic relations. No special consideration
is given for improving the computational ef� ciency of the formu-
lation, and it is an O(N 3 ) algorithm. The program developed by
Singh et al.,11 called Treetops, develops the equations of motion
using Kane’s method. This is also an O(N 3 ) algorithm. It can simu-
late systems in tree topology de� ned as an arbitrary set of rigid and
� exible bodies connected by hinges.

The present paper proposes a different approach to the O(N ) al-
gorithm for the dynamic simulation of � exible multibody systems
in tree topology including closed loops. The formulation can model
most of the current and future space-based systems, e.g., space sta-
tion with a dexterousmobile manipulator, tethered satellite system,
etc., as well as ground-based manipulators. Moreover, there is no
formulation reported in the open literature that studies the forward
dynamics of multibody systems using a Lagrangian order N algo-
rithm.The only effort in thatdirectionis byHollerbach,1 who studies
the inverse dynamics of a special case involving rigid system in the
chain topology.

The inverse dynamics problem has been studied extensively in
robotics. It involves computation of the mass matrix and forcing
function terms required for controller implementation using com-
puted torque technique. However, for dynamic simulation (also
called forward dynamics study), it is required to solve for the acce-
leration vector. In many approaches, this involves the computation
of mass matrix and forcing functions,as well as the inversion of the
mass matrix. Hollerbach1 developed a Lagrangian-approach-based
O(N ) algorithm to compute the mass matrix and forcing functions,
i.e., inverse dynamics, for a system having rigid bodies in chain
topology, whereas the current approach solves for the acceleration
vector, i.e., forward dynamics, for � exible systems in tree con� gu-
ration.Thus, the problemsaddressedand approachesused are rather
different.Furthermore,extensionof Hollerbach’s algorithmto solve
a forwarddynamicsproblemof a � exible multibodysystem in a tree
topology would be a formidable task.

In the present formulation,applicationof chain rule of differenti-
ation to the Lagrange equation in conjunction with appropriate ve-
locity and position transformations leads to a suitable factorization
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of the mass matrix and the subsequent development of the O(N )
algorithm. The constrained degrees of freedom are incorporatedby
Lagrange multipliers, which are solved recursively. The essentially
nonrecursive nature of the present algorithm is an advantage and
makes this approach attractive for implementation through parallel
computation. The Lagrangian approach is also attractive as the in-
ternal constraint forces are accounted for implicitly. On the other
hand, explicit expressions for the kinetic and potential energies are
obtained, which can be used to verify the formulation. The sim-
plicity in derivation and implementation, as well as its versatility,
makes the algorithma useful tool in studyinga large class of � exible
multibody system.

The paper is arranged as follows. To begin, several modeling
issues are discussed. This is followed by the development of the
proposed O(N ) algorithm. The example of the space-station-based
mobile remote manipulator system (MRMS) is considered to pro-
vide better appreciationof the algorithm.The paper ends with some
concluding comments based on the analysis.

II. Kinematics and Other Modeling Issues
A. System Description

Consider a generic system of N � exible bodies connected in an
arbitrary con� guration (Fig. 1a). The joints between the bodies can
have up to six degrees of freedom. Let G be the graph representing
the system (Fig. 1b), where bodies are nodes (vertices) and joints
are links (edges).12 Let the graph be rooted at node one, i.e., body
one. If G has closed loops, introduce a minimum number of joint
cuts to eliminate them. The graph with cut joints is denoted by G 0.

Let the symbols B, J , and J c denote bodies, uncut joints, and cut
joints, respectively.The graph G 0, generatedby deleting J c from G,
has either open chain or open tree topology.The bodies, i.e., nodes,
are numbered as B j , j D 1, 2, . . . , N , in a scheme shown in Fig. 1.
Consider B1 to be the root of the tree. If, when passing from B1 to
an arbitrary body B j on G 0, one goes through Bk , then Bk is said to
be inboard of B j and B j is said to be outboard of Bk . Let J j be the
uncut joint connecting B j to its immediate inboard body. This joint
carries the actuators to move B j with respect to its inboard body
(Bi j

).
In G 0, the bodies are numbered in such a way that the number

of the inboard body of B j is always less than j . In addition, the
number of any peripheral body in G 0, i.e., body without any out-
board body, is always greater than that of any internal body. This
numbering scheme ensures that the transformationmatrices used in
latter sections are lower block triangular. Let Si

j be the integer set
containing the number of all bodies inboard of B j and S j D (Si

j , j ).

a) Schematic diagram

b) Graph representation

Fig. 1 Multibody system in tree topology.

Fig.2 Coordinateframes and vectors used to de� ne an elemental mass.

The number of the body immediately inboard of B j is denoted by
i j . De� ne I to be the set of N integers whose � rst element is zero
and j th element ( j > 1) is i j . Let ok j denote the numberof the body
immediately outboard of Bk in a path from B1 to B j .

The system is free to follow an arbitrary trajectory. B1 is free
to undergo three-dimensional rotations. The motion of B j , j D
2, . . . , N , canbe representedby translationand rotationwith respect
to Bi j . The joint J j , j D 2, . . . , N , can be modeled as springs and
dampers for both translating and slewing degrees of freedom.

B. Coordinate Frames
Several coordinate frames are selected to express the motion of

any elemental mass in the system (Fig. 2). The motion of the entire
system is expressedwith respect to an inertial frame FI . The motion
of B j , j D 2, . . . , N , is expressed with respect to the frame F j

located at J j . The motion of B1 is expressed with respect to a body
� xed coordinate system F1 located at an arbitrary point on the � rst
body. The axes x j , y j , and z j of the frame F j can be oriented along
any arbitrary orthogonaldirections.The relative orientationof each
frame F j with respect to the inertial frame FI is speci� ed by a set
of three Euler angles a j , b j , and c j .

Let D j be the position vector of the origin of the frame F j with
respectto FI , d j (dr

j Cd f
j ) the positionvectorof the origin of F j with

respect to Fi j (Fig. 2), dr
j the rigid component of d j , and d f

j the
� exible component of d j . With these notations, the position vector
D j can be written as

D j D
X

k 2 S j

dk D
X

k 2 S j

dr
k C d f

k , j D 1, . . . , N (1)

with d f
1 D 0. This equation can be expressed recursively:

D1 D dr
1 (2a)

D j D Di j C dr
j C d f

j , j D 2, . . . , N (2b)

For convenience, the vectors and matrices in rest of the paper are
presented as f g and [ ], respectively.

C. Structural Modeling
Flexibility of present-day engineering structures, particularly

space-based systems, is a natural consequence of a need for large
structures that should have a high strength-to-weight ratio. There
are several approaches to describe the � exible character of a struc-
ture, includingthe use of the � niteelementmethod,13 Rayleigh–Ritz
approach,14 substructuringor componentmodesynthesis,15 andoth-
ers. The most commonly used procedure is the method of assumed
modes. Here, a � nite number of component level shape functions,
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which are taken to be admissible functions and satisfy only the
geometric boundary conditions, are used to develop the ordinary
differential equations for the structural vibrations.14,16

Modeling of geometric stiffening effects is an important issue
in the dynamic study of � exible bodies undergoing large motions.
Since the � rst publicationon this subject by Kane et al.,17 a number
of modeling approaches have been proposed, which are reviewed
in detail by Sharf.18 In the study by Kane et al.,17 the stiffening
effect is incorporatedthrough the use of stretch instead of axial dis-
placement as the generalized coordinate. The stretch is expressed
as a nonlinear function of the orthogonal elastic deformations. In a
comment to the study by Kane et al., Hanagud and Sarkar19 have
shown that the stiffeningeffectscan be modeledby the conventional
approach where the deformation � eld can be described in terms of
an orthogonalset of elastic displacements( fx , fy , and fz ). Here, the
nonlinear strain-displacementrelation has to be used to include the
stiffening effect. Based on the comparison of different approaches,
Sharf18 concludesthat the conventionalapproachcombinedwith the
displacement formulation, i.e., nonlinear strain-displacement rela-
tion, of the strain energy is the most accurate and general. One does
not require an approximationof foreshorteningor the stress state of
the body, the two major advantages in its application to the study of
multibody dynamics. This approach is used in the present study to
model the � exible elements of the system.

The components of most of the multibody systems can be repre-
sented by string, beam, membrane, plate, and shell type structural
elements. The � exible deformation vector f f j g of any elemental
mass in the j th body can be expressed as a vector consisting of
de� ections in three orthogonal directions:

f f j g D

8
< fx j

fy j

fz j

9
=

;
(3)

where fx j , fy j , and fz j are � exible deformations along the x j , y j ,
and z j directions,respectively.Using the assumedmodemethod, the
deformationsof the j th body at an arbitrary point can be expressed
as

fk j D
nk jX

l D 1

U l
k j

(r j ) d
l
k j

(t ), k D x, y, z (4)

where fr j g is the position vector of the point with respect to F j ,
U l

k j
(r j ) the lth mode function, d l

k j
(t) the l th � exible generalized

coordinate,andnk j thenumberofmodesused to discretizetheelastic
deformation along the direction k j (k D x , y, z). Now Eq. (3) can
be expressed as

f f j g D [U j ]f d j g (5)

where

[U j ] D

2

64
U x j (r j )

T
O O

O U y j (r j )
T

O

O O U z j (r j )
T

3

75 2 <3 £ n j

f d j g D

8
< d x j

d y j

d z j

9
=

;
2 <n j , U k j (r j ) D

8

<
U 1

k j
(r j )

U 2
k j

(r j )
...

U
nk j

k j
(r j )

9

=

;

2 <nk j

d k j D

8

<
d 1

k j
(t )

d 2
k j

(t )
...

d
nk j

k j
(t )

9

=

;

2 <nk j , n j D
X

k

nk j , k D x , y, z

and O is the null matrix of appropriatedimension. The mode shape
functions depend on the element (beam, plate, or string) under

considerationand the boundary conditionsused. The effect of fore-
shortening of beams can also be accounted for in the � exibility
modeling.

Structural damping is an inevitable source of energy dissipation
during vibration.With a constantdamping ratio for all modes, high-
frequencyvibrationalmodesdampoutquickly.As a result, the inher-
ent in� nite (or very large) dimensionalproblemsbecome practically
� nite, andperhapsevenofmodestorder, thusmakingthecontroleas-
ier. Therefore, the modeling of structuraldamping is quite crucial in
the dynamic formulation.Structural damping is often approximated
as directlyproportionalto frequencyfor harmonicanalysis.It is also
representedas a complex elastic modulus with the imaginary part a
small fraction, e.g., 0.01, of the strain modulus.20 The energy dissi-
pationdue to structuraldampingcan be approximatedby Rayleigh’s
dissipation function, and then the damping effects can be modeled
by the Lagrange equation.21 There are several other issues related
to the structuralmodeling, e.g., � exibilityeffects on design, control
algorithm, sensor–actuator placement, etc. They are not within the
scope of the present paper and are discussed by other researchers.22

D. Velocity Transformation
In the system under consideration (Fig. 1), each body can trans-

late with respect to its neighboring bodies, go through rotations
in three dimensions, and vibrate along three orthogonal directions.
To represent these motions, the generalized coordinates for the j th
body consist of the vector fdr

j g; the Euler angles a j , b j , and c j ;
and the � exible coordinates [Eq. (5)], f d j g. Let fq j g be the vector of
generalized coordinates for B j . Then,

fq j g D

8
< dr

j

f g j g
fd j g

9
=

;
(6)

where f g j g D f a j , b j , c j gT .
The development of equations of motion by directly using fq j g,

j D 1, . . . , N , requires order N 3 number of operations. To de-
velop an ef� cient order N algorithm, a coordinate transformation is
used. The corresponding velocity transformation is similar to that
proposed by Jerkovsky23 and also used by Keat.5 However, in the
present study, the resulting kinematic relations and the order N al-
gorithm are quite different. The formulationby Keat5 uses only one
form of velocity transformationand develops a recursivealgorithm.
However, the present approach uses two different forms of the ve-
locity transformation, which results in a nonrecursive algorithm.
Furthermore, the present order N formulation is based on the La-
grangian procedure, which has not been addressed so far by other
researchers.

Let the transformed coordinate vector of B j be denoted by fqt
j g,

de� ned as

qt
j D

8
<fD j g

f g j g
f d j g

9
=

;
(7)

where fD j g is the position vector to the origin of the frame F j with
respect to the inertial frame [Eq. (1)]. Then, the relationbetween the
originaland transformedgeneralizedvelocitiescan be expressedas

Pqt
1 D [R1]fPq1g (8a)

Pqt
j D Rn

j i j
Pqt

i j
C [R j ]fPq j g, j D 2, . . . , N (8b)

where

Rn
ji j

D [U ] Pi j (d j ) Ti j U i j dr
j

O O O
2 <N j £ Ni j

[R1] D [U ] 2 <N1 £ N1

[R j ] D Ti j C Q i j dr
j O

O [U ]
2 <N j £ N j , j D 2, . . . , N
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[Pk (d j )] D Ta k fd j g
... Tb k fd j g

... Tc k fd j g 2 <3 £ 3

Tlk D
¶ Tk

¶ lk
, l D a , b , c

Qi j dr
j D Q x

i j

... Q y
i j

... Qz
i j

2 <3 £ 3

Qk
i j

D Ti j

"
¶ U i j dr

j

¶ dr
k j

#
d i j , k D x , y, z

fd j g D dr
j C d f

j D

8
<dr

x j

dr
y j

dr
z j

9
=

;
C U i j dr

j d i j 2 <3

where

[U ] D unit matrix of appropriatedimension
O D null matrix of appropriatedimension
[T j ] D transformationmatrix between frames F j and FI

N j D total number of generalized coordinates of B j , n j C 6

Stacking and rearranging Eq. (8) for all B j yields

fPqt g D [U ¡ Rn ]¡1[R]fPqg (9)

where

fPqt g D

8

<
Pqt

1

Pqt
2
...

Pqt
N

9

=

;
2 <Ng , fPqg D

8

<
Pq1

Pq2
...

PqN

9

=

;
2 <Ng

[R] D

2

6664

[R1] O ¢ ¢ ¢ O

O [R2] ¢ ¢ ¢ O
...

...
. . .

...

O O ¢ ¢ ¢ [RN ]

3

7775
2 <Ng £ Ng

and [Rn] 2 <Ng £ Ng , for j D 1, . . . , N and k D 1, . . . , N , is de� ned
as

( j, k)th block of [Rn] D
O, if k 6D i j

Rn
ji j

, if k D i j

By de� nition, i j < j ; therefore, [Rn] is a block lower triangular
matrix. Here Ng is the total number of generalized coordinates in
the system, i.e.,

NX

i D 1

Ni

The matrix [U ¡ Rn ] is lower triangularhaving 1 on all of the diag-
onal elements. Therefore, it has full rank and, hence, is invertible.

E. Alternate Velocity Transformation
The kinematicexpressionin Eq. (9) is useful for derivingan order

N algorithmto invert the mass matrix.However, if the same relation
is used for the derivation of the centrifugal, Coriolis, and gravita-
tional terms, the computational advantage of the algorithm will be
lost. Therefore, alternate expression for the velocity transformation
is proposed. Using Eq. (1), fPqt

j g can be expressed recursively in
terms of fPqkg as follows:

Pqt
1 D [R1]fPq1g (10a)

Pqt
j D [R j ]fPq j g C

X

k 2 S i
j

Rv
jk fPqk g, j D 2, . . . , N (10b)

where

Rv
j k D Tik Pk dok j [Tk ] U k dr

okj

O O O
2 <N j £ Nk

and [R j ] is de� ned in Eq. (8). Arranging for all of the bodies, the
preceding equation becomes

fPqt g D [Rv]fPqg (11)

where for j D 1, . . . , N and k D 1, . . . , N , [Rv] is de� ned by

( j, k)th block of [Rv] D

8
<[R j ], if j D k

Rv
jk , if k 2 Si

j

O, if k 62 S j

By de� nition, k < j, 8k 2 Si
j ; therefore, [Rv ] is a lower block tri-

angular matrix. For a given k < l and k < r , if okl D okr , then
[Rv

lk ] D [Rv
rk ].

F. Kinematic Relations
The partial derivatives of the transformed velocity vector fPqt g

with respect to the body � xed velocity vector fPqg and coordinate
vector fqg are required in deriving the present algorithm. Let the
partial derivative of a vector fx(y)g 2 <n with respect to the vector
f yg 2 <n be de� ned by the matrix

¶ x

¶ y
D

¶ x
¶ y1

¶ x
¶ y2

¢ ¢ ¢
¶ x
¶ yn

where

¶ x
¶ y j

D

8

<

¶ x1

¶ y j

¶ x2

¶ y j

...
¶ xn

¶ y j

9

=

;

and x j and y j , j D 1, . . . , n, are the elements of vectors fxg and
f yg, respectively.Using this de� nition, Eqs. (9) and (11) yield

¶ Pqt

¶ Pq
D [U ¡ Rn]¡1[R] (12a)

¶ Pqt

¶ Pq
D [Rv] (12b)

Because fqt g D fqt (q, t )g, it can be shown that21

¶ q t

¶ q
D

¶ Pq t

¶ Pq and
¶ Pq t

¶ q
D d

dt

¶ Pq t

¶ Pq
(13)

III. Lagrangian Order N Formulation
A. Computation of Energy

The objectivehere is to get the energy expressionsas functionsof
the transformed generalized coordinates. To that end, the position
vector fRdm j g of an elemental mass dm j in B j with respect to the
inertial frame FI can be obtained as

Rdm j D fD j g C [T j ]fR j g D fD j g C [T j ]fr j g C [T j ]f f j g (14)

(Fig. 2), where fD j g is the position vector of the origin of frame F j

with respect to FI , fR j g D fr j g C f f j g is the position vector of the
elemental mass dm j with respect to F j , fr j g is the rigid component
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of fR j g, f f j g is the � exible component of fR j g, and [T j ] is the
transformationmatrix between frames F j and FI . Using Eq. (5) and
differentiating the preceding equation, the inertial velocity of the
elemental mass dm j can be obtained as

PRdm j D [U ]
... [Pj (R j )]

... [T j ][U j ] Pqt
j (15)

Now the kinetic energy of B j can be expressed as

K j D 1

2

Z

m j

PRdm j ¢ PRdm j dm j D 1

2
Pqt

j M t
j Pqt

j (16)

where [M t
j ] is the mass matrix of B j corresponding to the trans-

formed coordinates fqt
j g.

For an orbiting system, the gravitational potential energy (PG j )
of the j th body can be expressed as

PG j D ¡
Z

m j

G Me dm j

(fD j C R j g ¢ fD j C R j g)
1
2

(17)

where G is the universal gravitational constant and Me the mass of
the Earth. For a ground-based system, the potential energy can be
obtained using a constant gravitational acceleration.

Almost all � exible structural elements encountered in space or
robotics applicationscan be modeledas beams (robot arms, satellite
antennas, space station power boom, etc.), strings (tether), or plates
(solar panels). The elastic potential energy associated with the j th
body can be expressed as

PS j D
1

2

Z

V j

r j ² j dV j (18)

where r j is the stress in an elemental volume dV j , ²j the strain
in the element, and V j the volume of the j th body. As mentioned
in Sec. II.C, the nonlinear strain-displacement relation is used to
include the geometric stiffening effects. For a beam element, where
the Y j axis is along the length, the nonlinearstrain can be expressed
as

²j ¼
¶ fy j

¶ y j
C

1

2

"
¶ fx j

¶ y j

2

C
¶ fz j

¶ y j

2
#

The total energy of the entire system can be obtained by adding
energies of the individual bodies.

B. Order N Dynamical Formulation
The governing equations of motion can be obtained using the

classical Lagrangian procedure

d
dt

¶ K

¶ Pq
¡

¶ (K ¡ P)
¶ q

D fQqg (19)

where P D PG C PS; K , PG , and PS are the kinetic, gravitational
potential, and strain energies of the entire system, respectively;and
Qq is the generalized force vector due to nonconservative forces
such as control inputs, environmental effects, structural damping,
etc. The generalized forces can be obtained using the principle of

Table 1 Comparison of different order N algorithms for studying multibody systems

Formulation Basic approach System topology Dynamics Recursive or nonrecursive

Bae and Haug2 Virtual work Flexible tree Forward Recursive
van Woerkom and de Boer4 Newton–Euler Flexible chain Forward Recursive
Keat5 Velocity transform Flexible tree Forward Recursive
Rosenthal6 Kane’s equation Flexible tree Forward Recursive
Menon and Kurdila7 Range space method Flexible tree Forward Nonrecursive
Rodriguez and Kreutz-Delgado8 Filtering and smoothing Flexible tree Forward Recursive
Hollerbach1 Lagrangian Rigid chain Inverse Recursive
Proposed Lagrangian Flexible tree Forward Mostly nonrecursive

virtual work. Applying the chain rule of differentiation,Eq. (19) can
be written as

d

dt

¶ Pq t

¶ Pq

T
¶ K

¶ Pqt ) ¡
¶ Pq t

¶ q

T
¶ K

¶ Pqt

¡
¶ q t

¶ q

T
¶ (K ¡ P)

¶ q t
D fQq g (20)

Using the kinematics relations of Eqs. (12) and (13), Eq. (20) can
be expressed as

[M]fRqg C fFg D fQqg (21)

where

[M] D [R]T [U ¡ Rn]¡T [M t ][U ¡ Rn ]¡1[R]

fFg D [Rv]T [ PM t ][Rv]fPqg C [M t ][ PRv ]fPqg C
¶ (K ¡ P)

¶ q t

and [M t ] is a block diagonal matrix with [M t
j ] as the j th diagonal

block [Eq. (16)]. From the preceding equation, the inverse of the
mass matrix can be obtained as

[M]¡1 D [R]¡1[U ¡ Rn][M t ]¡1[U ¡ Rn ]T [R]¡T (22)

The calculation of [M ]¡1 by directly inverting the matrix [M ] re-
quires O(N 3) computations. However, the use of Eq. (22) for cal-
culating [M]¡1 needs computation of the inverses of [M t ] and [R],
which are block diagonal,and formulationof the matrix [Rn ], which
depends on system parameters and generalizedcoordinates.There-
fore, the computationaleffort required for the inversion of the mass
matrix using Eq. (22) is proportional to the number of diagonal
blocks in [M t ], i.e., the number of bodies N .

Computation of [Rv], [M t ], and their time derivatives used in
the expression for fF g require order N arithmetic operations. The
partial derivativesof the kinetic K and the potential P energieswith
respect to fqt g also require order N computations.Furthermore, the
number of operations required to solve Eq. (21) for fRqg is order
N (Appendix). Therefore, the forward dynamics computation, i.e.,
obtaining the acceleration vector, requires order N � oating point
operations.

C. Advantages of the Proposed Method
This algorithm has several advantages compared to other order

N methods available in the literature. The features of different ap-
proaches are compared in Table 1. Among all of the order N al-
gorithms, the formulation of Menon and Kurdila7 is the only non-
recursive method. The present algorithm is mostly nonrecursive,
except for the computation of the Lagrange multipliers, which al-
lows for its implementation in parallel computers. As opposed to
other methods, the Lagrangianapproach has two major advantages:
1) the energy expressions are explicitly obtained during the formu-
lation and can be used to verify the equations and 2) the internal
constraint forces are automatically taken into consideration. Fur-
thermore, the equations are simple to derive and implement nume-
rically.

In a conventionalLagrangian approach, the complexity of multi-
body formulation increases as the number of bodies increases.
Therefore, use of symbolic manipulation is preferred in Lagrangian
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formulation.24 One of the advantagesof the current approach is that
the complexity of the algorithm does not increase as the number of
bodies increases. To get the equations of motion, one has to derive
equations for a single � exible body in space and the transformation
matrices. Therefore, use of symbolic manipulation is not a major
considerationin the present study. However, in conjunctionwith the
proposedalgorithm,it may be helpful to use symbolicmanipulation
to get closed-formexpressionsfor the modal integralmatrices. This
will eliminate the numerical computation of these matrices.

The only available Lagrangian order N formulation by Holler-
bach1 developsan inverse dynamics algorithmfor a rigid multibody
systemin chain topology.If used for the forwarddynamicsstudy, the
algorithm will require order N 3 computations. The current formu-
lation considers the most general system con� guration, i.e., � exible
bodies connected in a tree topology including closed loops. This is
the only available order N forward dynamics algorithm based on
the Lagrangian approach.

D. Systems with Constrained Generalized Coordinates
For a system with closed loops, cut joints are introduced into the

system con� guration to make it an open tree. This adds certain con-
straints, which can be included in the formulation by the Lagrange
multipliers.The constraints for all of the cut joints can be expressed
as

[C c]T f Pqg D 0 (23)

where [C c] is the coef� cientmatrix for cut jointconstraints.Further-
more, the algorithm requires fdr

j g, j D 1, . . . , N , to be generalized
coordinates. But in many practical situations, where translational
degrees of freedom are absent, fdr

j g will be constant. As in the case
of cut joints, these constraintsare also incorporatedby the Lagrange
multipliers.

Let ck , k D 1, . . . , N u , be the number of the bodies having no
translational degrees of freedom. Here N u is the total number of
bodies having the constraints.Here ck is arranged in such a way that
for any two integersr and s between1 and N u , if r > s, then cr > cs .
Using these notations, the constraint equations can be expressed
as

Cu
l

T fPqg D 0, l D 1, . . . , N u (24)

The coef� cient matrices [Cu
l ], l D 1, . . . , N u for r D 1, . . . , N u ,

are de� ned as

r th block of C u
l D

O , if r 6D cl

[Ur ], if r D cl

where

[Ur ] D
[U ]

O
2 <Nr £ 3

The governing equations of motion of the constrained system
become21

fRqg D QFNu C
N uX

k D 1

QCu
N uk K u

k C QC c
Nu f K cg (25)

where

QFN u D [M]¡1f¡F C Qqg

QC u
N uk D [M]¡1 Cu

k , k D 1, . . . , N u

QC c
Nu D [M]¡1[C c]

Here fK u
k g, k D 1, . . . , N u , and f K cg are the Lagrange multipliers

for constraints at uncut and cut joints, respectively. Equations (24)
and (25) can be solved recursively for the Lagrange multipliers for

uncut joints for j D N u , . . . , 1, as given by the following recursive
algorithm:

K u
j D L1

j C
j ¡ 1X

k D 1

L2
j k K u

k C L3
j fK cg (26)

fRqg D f QF j ¡ 1g C
j ¡ 1X

k D 1

QCu
( j ¡ 1)k K u

k C QC c
j ¡ 1 f K cg (27)

where

L1
j D Cu

j

T QC u
j j

¡1
Cu

j

T f QF j g

L2
jk D Cu

j

T QCu
j j

¡1
Cu

j

T QC u
j k , k D 1, . . . , ( j ¡ 1)

L3
j D C u

j

T QCu
j j

¡1
Cu

j

T QC c
j

f QF j ¡ 1g D f QF j g C QCu
j j L1

j

QCu
( j ¡ 1)k D QCu

jk C QC u
j j L2

j k , k D 1, . . . , ( j ¡ 1)

QC c
j ¡ 1 D QC c

j C QCu
j j L3

j

For j D 1, Eq. (27) contains only the Lagrange multipliers at cut
joints. The resulting equation is

fRqg D f QF0g C QC c
0 f K cg (28)

Using Eqs. (23) and (28),

f K cg D [C c]T QC c
0

¡1
[C c]T f QF0g (29)

The number of algebraic operations required to solve f K u
k g, k D

1, . . . , N u , depends on the structureof the system, mainly the num-
ber of chains in the graphG 0 (Fig. 1). For a system in chain topology,
it is exactly order N . Solving for f K cg requires order (N c)3 opera-
tions, where N c is the number of constraints at all of the cut joints.
In most systems, this number is small compared to the degrees of
freedom and, therefore, does not affect the ef� ciency of the formu-
lation.

IV. Illustrative Example
A sample problem is presented to show details of the steps in-

volved in deriving the equations of motion using the proposed al-
gorithm. The example considers the space-station-basedmobile re-
mote manipulator system (MRMS). The system consists of a two-
link manipulator (B2, B3) capable of translation on the space plat-
form B1 (Fig. 3). The end effector consists of two smaller two-link
robots, for dexterous operations, and is attached to B3 . The bodies
are numbered according to the scheme de� ned earlier. The bodies

Fig. 3 Schematic diagram of the space-station-basedMRMS with dex-
terous end effector.
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Bk , k D 3, 4, . . . , 7, have constraints of type Pdr
k D 0. The transfor-

mation matrices for this system can be expressed as

[R] D

2

6666666664

[R1]

[R2] O

[R3]

[R4]

[R5]

O [R6]

[R7]

3

7777777775

[Rn ] D

2

66666666664

O

Rn
21 O

O Rn
32 O O

O O Rn
43 O

O O Rn
53 O O

O O O Rn
64 O O

O O O O Rn
75 O O

3

77777777775

[Rv] D

2

66666666664

[R1]

Rv
21 [R2]

Rv
31 Rn

32 [R3] O

Rv
41 Rv

42 Rn
43 [R4]

Rv
51 Rv

52 Rn
53 O [R5]

Rv
61 Rv

62 Rn
63 Rn

64 O [R6]

Rv
71 Rv

72 Rn
73 O Rn

75 O [R7]

3

77777777775

The submatrices of [R], [Rn ], and [Rv] are de� ned as discussed
in the preceding section. Following the procedure outlined before,
the mass matrix of the j th body corresponding to the transformed
coordinates [Eq. 16)] can be expressed as

M t
j D

2

664

M t
D j

M t
D g j

M t
D d j

M t
D g j

T
M t

g j
M t

g d j

M t
D d j

T
M t

g d j

T
M t

d j

3

775 2 <N j £ N j (30)

where

M t
D j

D m j [U ] 2 <3 £ 3

M t
D g j

D
Z

m j

[Pj (R j )] dm j 2 <3 £ 3

M t
D d j

D [T j ]

Z

m j

[U j ] dm j 2 <3 £ n j

M t
g j

D
Z

m j

[P j (R j )]
T [Pj (R j )] dm j 2 <3 £ 3

M t
g d j

D
Z

m j

[Pj (R j )]
T [T j ][U j ] dm j 2 <3 £ n j

M t
d j

D
Z

m j

[ U j ]
T [U j ] dm j 2 <n j £ n j

and the subscripts D, g , and d are associatedwith thegeneralizedco-
ordinates fD j g, the attitude angles fg j g, and the � exible generalized
coordinates fd j g, respectively. [ U j ] is de� ned in Eq. (5), whereas
Eq. (8) de� nes [T j ] and [P(R j )]. The time derivative of the mass
matrix is obtained by differentiatingEq. (30).

To obtain the equationsof motion using Eq. (21), it is required to
calculate the partial derivative of the kinetic energy K with respect

to the generalized coordinate vector fqt g. Because K j is a function
of only fqt

j g, the differentiation leads to the following:

¶ Ki

¶ qt
j

D f0g, 8i 6D j

¶ K j

¶ qt
j

D

8

<

¶ K j

¶ D j

¶ K j

¶ g j

¶ K j

¶ d j

9

=

;

(31)

Because K j is not a functionof fD j g, f ¶ K j / ¶ D j g D f0g. Becauseof
the trigonometric terms in [M t

j ], differentiation of K j with respect
to fg j g must account for the individual angles, i.e.,

¶ K j

¶ g j
D 1

2

8

<
Pqt

j

T ¶ M t
j

¶ a j
Pqt

j

Pqt
j

T ¶ M t
j

¶ b j
Pqt

j

Pqt
j

T ¶ M t
j

¶ c j
Pqt

j

9

=

;

(32)

where

¶ M t
j

¶ a j
D

2

66666664

¶ M t
D j

¶ a j

¶ M t
D g j

¶ a j

¶ M t
D d j

¶ a j

¶ M t
g j

¶ a j

¶ M t
g d j

¶ a j

Sym.
¶ M t

d j

¶ a j

3

77777775

¶ M t
D j

¶ a j
D [O],

¶ M t
D d j

¶ a j
D

¶ T j

¶ a j

Z

m j

[U j ] dm j

and so on. The differentiation of K j with respect to the � exible
generalizedcoordinatescan be simpli� ed by expressing the kinetic
energy of the j th body as

K j D 1
2

Pqt
j

T
[ NM j ] Pqt

j C 1
2
f d j gT [ NK j ]f d j g C f d j gT [ NG j ] Pqt

j

where [ NM j ], [ NK j ], and [ NG j ] do not dependon f d j g. Applying simple
algebraic manipulations, it can be shown that

¶ K j

¶ d j
D [ NK j ]f d j g C [ NG j ] Pqt

j (33)

where

[ NK j ] D
Z

m j

[ U j ]
T [ PT j ]

T [ PT j ][U j ] dm j 2 <n j £ n j

[ NG j ] D NG D j
NG g j

NG d j

NG D j D
Z

m j

[U j ]
T dm j [ PT j ]

T 2 <n j £ 3

NG g j D
Z

m j

[ U j ]
T [ PT j ]

T [P j (r j )] dm j 2 <n j £ 3

NG d j D
Z

m j

[U j ]
T [ PT j ]

T [T j ][ U j ] dm j 2 <n j £ n j

The differentiationof the potentialenergy with respect to the gen-
eralized coordinatesis obtained in a similar way, and the governing
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equations of motion can be expressed as in Eq. (21). The details of
the equations are not reported for brevity. Here, fdr

1g describes the
orbital motion of the system and fdr

2g represents the motion of the
mobile base of the MRMS. All other joints have only rotational de-
greesof freedom.Therefore,fdr

j g, j D 3, . . . , 7, are constant.These
nonholonomicconstraintrelationsare introducedinto the equations
of motion using the Lagrange multipliers [Eqs. (26–29)].

V. Concluding Remarks
A new Lagrangian order N algorithm is developed for the dy-

namical formulation of � exible multibody systems in tree topology
including closed loops. Application of different forms of velocity
transformation in conjunction with the chain rule of differentia-
tion, leads to a factorization of the mass matrix, which results in
an order N forward dynamics algorithm. The constrained degrees
of freedom are introduced by the Lagrange multipliers, which can
be solved recursively. The space-station-basedMRMS with a dex-
terous end effector, considered as an example, helps explain the
procedure involved.

This novel algorithm aimed at the Lagrangian order N formula-
tion for forward dynamics of � exible systems in tree topology is,
indeed, versatile. The algorithm is mostly nonrecursive, which fa-
cilitates its implementation in parallel computers. The use of the
Lagrangian approach gives explicit energy expressions, which can
be used for verifying the formulation.The algorithm is particularly
attractive for its simplicity in derivation and implementation.

Appendix: Order N Solution of f Èq g
Computationof the vector fRqg by solvingEq. (21) requiresmulti-

plication of the matrix [Rv] with the vector fPqg. Using results from
the graph theory, it can be shown that this multiplication is an order
N operation.

The numberof differentnonzeroblocksin an arbitrarykth column
of [Rv] is (N o

k C 1), where N o
k is the number of outboard bodies of

Bk . Let the system be represented by a digraph (directed graph),12

where the edge between vertices B j and Bi j has its tail at Bi j and
head at B j . Then N o

j is the out degree of the vertex B j [od(Bk )].
Therefore, to multiply the kth block column of [Rv ] with fPqk g, it is
necessary to multiply (N o

k C 1) submatrices with vectors.Then, the
total number of submatrix multiplication in [Rv]fPqg is

NX

k D 1

[od(Bk ) C 1]

Using results from the graph theory,12 it can be shown that

NX

k D 1

[od(Bk) C 1] D 2N ¡ 1

Thus, the total number of operation required to get [Rv]fPqg is or-
der N .
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